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Abstract
We deal with the gravitational theory relevant to gravito-electromagnetism
(GEM) exactly. It is shown that the theory can be decomposed in terms
of two sectors of Abelian gauge field theories. The two sectors dominate
the whole action in an inverse way, showing a sign of strong-weak duality.
1 Introduction
One of the earliest observations on the formal analogy between gravitation and
electromagnetism is the speculative gravito-electromagnetism (GEM), found more
than a century ago [1, 2] (for reviews, see [3, 4, 5, 6]). An unavoidable conclusion
from GEM is that a rotating mass can produce garvito-magnetic (GM) fields,
which will cause a precession of planetary orbits [7]. This effect is later generally
studied in general relativity, known as the Lense-Thirring effect [8]. It is a mis-
sion of the satellite Gravity Probe B to make precise measurements on the GM
field of the Earth via the gyroscope precession. However, the GM force is too
weak and so is not easily detected [9, 10]. Some aspects of GEM are discussed in
[11, 12, 13, 14]. The most recent observational results from the Gravity Probe B
are present in [15, 16].
In string theory, gravitational fields are described by the massless states of
closed strings which have two sectors: the left-moving and right-moving modes,
and gauge fields are massless states of open strings that has one of the moving
modes of closed strings. In [17], it is revealed that the closed string scattering
amplitudes can be expressed as a sum of the products of open string ones re-
spectively in the left- and right-moving sectors of closed strings. Similar relations
are also found in gravity and gauge theory. From perturbation calculations of
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scattering amplitudes, it is found that gravity appears to contain two copies of
gauge theories (e.g., see reviews [18, 19]).
In this paper, we investigate pure gravity along this line. We show that the
gravitational theories with metrics relevant to GEM can be decomposed in terms
of two sectors of Abelian gauge field theories, so that the GEM can be clearly seen.
We therefore can study gravity by studying the two sectors of gauge field theories
instead. Our approach to GEM is exact, in contrast to the usual approach based
on Einstein’s equations in linearised gravity. Therefore, the GEM results apply
to the cases with non-static metric as well as strong metric fields, including the
situation in the near-horizon regions where the gravity/gauge-theory duality was
originally found.
The paper is organised as follows. In Section 2, we give a brief introduction to
the original GEM based on Einstein’s equations in linearised gravity. In Section
3 and 4, we decompose the gravity with two kinds of metrics that are relevant
to GEM into two sectors of Abelian gauge field theories. Conclusions are made
in the last section. All through the paper, the Greek indices µ, ν, ρ denote the
four spacetime dimensions and the Latin indices i, j, k denote the three spatial
dimensions.
2 GEM in linearised gravity
GEM is usually discussed in the linearised gravity. We start with the Einstein-
Hilbert action given by
S =
1
16πG
∫
d4x
√−gR. (1)
where g is the determinant of the metric field gµν .
In perturbation discussions, the metric is written as a sum of a perturbation
part and the Minkowski metric:
gµν = ηµν + hµν . (2)
If one only considers the leading order terms of hµν , the Ricci tensor is
Rµν =
1
2
(∂ρ∂µhρν + ∂
ρ∂νhρµ − ∂µ∂νh−hµν), (3)
and the Ricci scalar is
R = ∂µ∂νhµν −h, (4)
where h = ηµνhµν and  = η
µν∂µ∂ν . Thus, the Ricci tensor and scalar are
both composed only of second derivatives of the metric fields. Defining h¯µν =
hµν − 12ηµνh with h = ηµνhµν , the Einstein’s equations can be simply written as
h¯µν = −16πGTµν , (5)
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where  = ηµν∂µ∂ν , if we employ the harmonic or Lorentz gauge:
∂ν h¯µν = 0. (6)
For slowly moving matter with v ≪ c, the components of the energy-momentum
tensor are: T 00 = ρc2, T 0i = ρcvi and T ij = ρvivj + pδij , where c is the speed of
light (but we will use the c = 1 convention in the following discussion). Hence,
T 00 ≫ T 0i ≫ T ij. In terms of (5), it turns out that the resulting metric solution
is
ds2 = −(1− 2Φ)dx0dx0 − 4( ~A · d~x)dx0 + (1 + 2Φ)d~x2. (7)
For a central mass, the potentials at some distance r far from the centre are:
Φ ∼ GM/r and ~A ∼ G~J × ~x/r3, where M and J are respectively the mass and
angular momentum of the central mass. Thus, they satisfy the harmonic gauge
condition mentioned above and so the Einstein’s equations (5).
The gravito-electric and gravito-magnetic fields are defined as follows
~E = −~∇Φ− 1
2
∂0 ~A, ~B = ~∇× ~A, (8)
which are special cases of the more general definitions based on the Riemann
tensor (e.g., [20, 21, 14]). With them, we can write down a set of Maxwell
equations for the GEM fields in terms of Eq. (5). Thus, a particle in this spacetime
will sense a Lorentz-type force as a charged particle does in electromagnetism.
In the next two sections, we shall exactly deal with the gravitational theories
relevant to GEM discussed above, i.e., the gravity with the metrics similar to the
GEM metric (7).
3 Decomposed gravity and GEM
3.1 Gauge field theories in two sectors
Before going to discuss gravity, we introduce the Abelian gauge field theories
expressed in terms of two sectors which are used to decompose gravity in later
discussions. Given a vector potential Aµ, we define the two sectors of its first
derivatives
Hµν ≡ ∂µAν + ∂νAµ, Fµν ≡ ∂µAν − ∂νAµ. (9)
It looks like that one is the right-moving and the other is the left-moving mode.
For the F sector, the gauge field theory in the Minkowski spacetime takes the
well-known form
SF = −1
4
∫
d4xFµνF
µν , (10)
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For the H sector, we can define the corresponding gauge field theory as
SH = −1
4
∫
d4x(HµνH
µν −H2), (11)
where H = ηµνHµν = 2∂ · A.
The difference between the two actions is
(H ·Hµν −H2)− F · F = 4∂µjµ, jµ = A · ∂Aµ − Aµ∂ ·A. (12)
Hence, the two theories are equivalent in Minkowski spacetime:
SH = SF . (13)
They have the same equation of motion: ∂µFµν = 0, and energy-momentum
tensor.
In what follows, we shall show that the Einstein-Hilbert action (1) can be
decomposed in terms of the two equivalent gauge theories SF and SH .
3.2 Decomposition of gravity
In this section, we first discuss the decomposition of gravity with the Kerr-Schild
style metric.
A large variety of gravitational wave and black hole solutions can be expressed
in the Kerr-Schild Cartesian coordinates. To study the GEM effects of rotating
objects, we can consider the Kerr black hole solution in the Kerr-Schild metric
[22, 23]:
gµν = ηµν + fkµkν , (14)
where the scalar function f is
f =
2Gmr3
r4 + a2z2
, (15)
and the vector is
kµ =
(
1,
rx+ ay
r2 + a2
,
ry − ax
r2 + a2
,
z
r
)
. (16)
The expression of r is determined by
x2 + y2 = (r2 + a2)
(
1− z
2
r2
)
. (17)
In the Kerr solution, the vector is null and has the following feature
k2 = 0, k · ∂kµ = 0, (18)
if we define kµ = ηµνkν . They actually also give rise to k · ∇kµ = 0, which
indicates that kµ is null geodesic.
4
In what follows, we consider the generalised Kerr-Schild metric, leaving the
scalar and vector as free field functions:
gµν = ηµν + e
2φAµAν , (19)
i.e.,
ds2 = ηµνdx
µdxν + e2φdl2, (20)
where
dl = Aµdx
µ. (21)
Similar metrics are also adopted in the Kaluza-Klein theory and the canonical
gravity formalism.
In this paper, we adopt the following notations
Aµ ≡ ηµνAν , A2 ≡ ηµνAµAν , (22)
Indices raised by gµν will be denoted differently. The determinant and inverse of
the metric can be expressed as
g ≡ det gµν = −(1 + e2φA2), gµν = ηµν + e
2φAµAν
g
. (23)
Let us set A2 to be any value satisfying A2 > −1, not restricting on the A2 = 0
case.
3.2.1 The theory with pure vector fields
We shall derive the explicit form of the Einstein-Hilbert action with the gen-
eralised Kerr-Schild metric (19). First, we consider the special case that φ is
constant or that the scalar φ is absorbed into the vector field: eφAµ → Aµ. We
still adopt the notations of the F and H sectors defined in Eq. (9) in the gauge
field theory case. The Christoffel symbols are thus
Γλµν =
1
2
gλσ(AσHµν + AνFµσ + AµFνσ). (24)
In the special case with Fµν = 0, the Christoffel symbols are simply Γ
λ
µν =
−(1/2g)AλHµν .
From the relation: ∇α(AµAν) = ∇αgµν −∇αηµν , we can derive
∇µAν = ∂µAν − ΓλµνAλ. (25)
Thus, Aµ indeed acts as a vector. The Lie derivative of the metric along a vector
ξ is
£ξgµν = ∂µξν + ∂νξµ − [(A · ξ˜)Hµν + ξ˜α(AµFνα + AνFµα)], (26)
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where ξ˜α denotes the vector raised by gαβ: ξ˜α ≡ gαβξβ and A · ξ˜ ≡ Aαξ˜α =
A · ξ/(1+A2) (because the vector ξα has been defined as raised by ηαβ). The Lie
derivative of the vector Aµ is
£ξAµ = ξ˜
α∂αAµ + Aα∂µξ˜
α = ∂µ(A · ξ˜)− ξ˜αFµα, (27)
which leads to
£ξ(AµAν) = ∂µ(A · ξ˜Aν)+ ∂ν(A · ξ˜Aµ)− [(A · ξ˜)Hµν + ξ˜α(AµFνα+AνFµα)]. (28)
Thus,
£ξηµν = ∂µ
(
ξν − A · ξ
1 + A2
Aν
)
+∂ν
(
ξµ − A · ξ
1 + A2
Aµ
)
= ηνα∂µξ˜
α+ηµα∂ν ξ˜
α. (29)
For orthogonal vectors satisfying A · ξ = 0, this is simply: £ξηµν = ∂µξν + ∂νξµ.
When A2 is constant, £Aηµν = Hµν/(1 + A
2). The condition that Aµ is Killing
vector is Hµν = 0.
The Riemann tensor from the Christoffel symbols (24) is
Rρσµν =
1
2
gρλ{Γηνλ(AηHµσ + AσFµη + AµFση)− Γηµλ(AηHνσ + AσFνη + AνFση)
+A[λ∂σ]Fµν + A[µ∂ν]Fλσ +
1
2
[(HµλHνσ −HµσHνλ) + FµλFσν − FµσFλν ]
+FµνFσλ}.(30)
In the derivation, we have used ∇µgρη = 0. The Ricci scalar is thus
R =
1
4
gµαgνβ{gγη[AγAη(HµβHνα −HµαHνβ)− 2AγAηFµβFνα
+2AαAβFµγFνη − 4AαAβFµγ(Hνη + Fνη)] + 4A[α∂β]Fµν
−(HµβHνα −HµαHνβ) + 3FµβFνα}. (31)
Through integration by parts, the second-order derivative terms can be changed
into the first-order ones∫
d4x
√−ggµαgνβA[α∂β]Fµν = 2
∫
d4x
√−ggµαgνβAα∂βFµν =∫
d4x
√−ggµαgνβ
[
1
g
FµβFνα + g
γηAαAβFµγ(Hνη + Fνη)
]
, (32)
Hence, the Hilbert-Einstein action (1) with the metric (19) can be rewritten as
S =
1
16πG
∫
d4x
√−g(LF + LH), (33)
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where
LH = 1
4g
gµαgνβ(HµβHνα −HµαHνβ), (34)
LF = 1
4
gµαgνβ[2gγη(AγAηFµβFαν + AαAβFµγFνη)− FµβFνα]
=
(
−1
4
gµα − 1
2g
gµα +
1
2g2
AµAα
)
gνβFµβFαν . (35)
Thus, the action is completely decomposed in terms of the two sectors H and F
and there are no coupling terms between the two sectors.
Inserting the expression of the inverse metric, we can rewrite the action in the
following way with respect to the Minkowski metric ηµν
S =
1
64πG
∫
d4x
1√
1 + A2
{
FµνF
µν + ηµα
(
2AνAβ
1 + A2
− ηνβ
)
[A2FµβFαν
+(HµβHνα −HµαHνβ)]}, (36)
where the indices are raised and lowered by Minkowski metric as before. The
action can be further expressed in the explicit form:
S =
1
64πG
∫
d4x
1√
1 + A2
{
[(1− A2)FµνF µν − (HµνHµν −H2)]
+
4
1 + A2
jµ∂
µA2 + 2BµB
µ}, (37)
where jµ = A · ∂Aµ − (∂ · A)Aµ is defined in Eq. (12), and
Bµ = A · ∂Aµ − 1
2
∂µA
2 = AνFνµ. (38)
So B2 can also be expressed as: B2 = BµB
µ = (1 + A2)(ηµν − gµν)FµαF αν .
Obviously, Bµ is always orthogonal to the vector Aµ:
A ·B = 0 and gµνAµBν = 0. (39)
Adopting the relation (12) and integration by parts, the above action can be
reexpressed as
S =
1
64πG
∫
d4x
{
−
√
1 + A2F · F + 1√
1 + A2
[(H ·H −H2) + 2B2]
}
. (40)
Thus, expressed in the Minkowski metric,
√−g plays the role of potential for the
two sectors of gauge field theories. In particular, if we can choose some gauge
to keep A2 constant, we can take it as part of the “effective coupling constants”
of the two sectors of gauge field theories. The effective coupling constants run
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in an opposite way, with two extremal limits A2 → −1 and → ∞. This inverse
relation between the coupling constants of the two sectors is also seen in ordinary
gauge field theory and its dual. This relation implies that, if one sector is strongly
coupled, the other is weakly, and vice versa. For the special case A2 = 0, the two
sectors cancel out.
In our case, hµν = AµAν and so
∂ν h¯µν = Aµ∂ · A +Bµ. (41)
From Eq. (39), we can express: B2 = Bµ∂ν h¯µν . For A
2 6= 0, the harmonic gauge
condition (6): ∂ν h¯µν = 0 leads to the Lorentz gauge: ∂ · A = 0 in gauge field
theory (multiply ∂ν h¯µν by A
µ). This further gives Bµ = 0. So the harmonic
gauge condition is too strong here. Therefore, instead of (6), we can choose the
Lorentz gauge ∂ · A = 0 here, under which we have: B2 = (∂ν h¯µν)(∂ν h¯µν).
We may consider a more special case: A2 is constant and (A ·∂Aµ)(A ·∂Aµ) =
Aµ(A · ∂)2Aµ = 0 (but the components A · ∂Aµ do not need to be zero). These
two conditions lead to B2 = 0 and (A · ∇Aµ)(A · ∇Aµ) = 0, since
A · ∇Aµ = Bµ + 1
2(1 + A2)
∂µA
2. (42)
If Aµ is Killing vector, this is always true.
In this case, it is easy to know that the gravitational action (40) only changes
sign and has the same equations of motion under the replacement:
ηµνAµAν = A
2 −→ − A
2
1 + A2
= −gµνAµAν , (43)
given that the derivatives of Aµ are unaltered. This replacement maps one limit
A2 → −1 to the other A2 →∞, and vice versa. For A2 = 0, this maps it to itself.
Thus, the effective coupling constants of the two sectors of gauge field theory
are interchanged, though there is no essential change in the whole gravitational
action. More specifically, the action in this case can be simplified to, using Eq.
(12)
S = − A
2
64πG
√
1 + A2
∫
d4xFµνF
µν . (44)
Thus, the gravitational action takes the form of a gauge field theory. It can have
a very large effective coupling constant for small |A2| (note that this is for the
whole gravitational action, while the effective coupling constants of the F and H
sectors become extremely large at A2 → −1 and → ∞, respectively, as shown
in (40)). For black hole solutions, A2 = 0 and the on-shell gravitational action
vanishes, as expected.
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Finally, we write down the action for a minimally coupling massive scalar Φ
in the decomposed theory
S =
1
64πG
∫
d4x
{√
1 + A2F · F + 1√
1 + A2
(H ·H −H2)
−2
√
1 + A2[gµν(FµαF
α
ν + ∂µΦˆ∂νΦˆ) +m
2Φˆ2]
}
,
=
1
64πG
∫
d4x
{
−
√
1 + A2(F · F + 2∂µΦˆ∂µΦˆ + 2m2Φˆ2)+ (45)
1√
1 + A2
[(H ·H −H2) + 2AµAν(FµαF αν + ∂µΦˆ∂νΦˆ)]
}
.
where Φˆ = 4
√
πGΦ. Thus, B2 provides a term that acts like an exterior field,
like the scalar Φˆ.
3.2.2 Inclusion of the scalar φ
We next consider the action involving the scalar field φ. Because the actions (37)
and (40) are correct for general Aµ, we can derive the action in the present case
by replacing all Aµ by e
φAµ in there. From Eq. (37), the resulting action turns
out to take a similar form to the previous case
S =
1
64πG
∫
d4x
e2φ√
1 + χ
{
[(1− χ)F · F − (H ·H −H2)] (46)
+2e2φB2 + 4jµ∂
µ ln[(1 + χ)e−2φ]},
where χ = A2e2φ, and jµ, Bµ are the same as defined in Eq. (12) and (38),
respectively (but the vector Aµ is different now). Similarly, using Eq. (12) and
implementing integration by parts, the action can be rewritten as
S = − 1
64πG
∫
d4xe2φ
{√
1 + χF · F − 1√
1 + χ
[(H ·H −H2) + 2e2φB2 + 8j · ∂φ]
}
.(47)
3.3 GEM
We can rewrite the Kerr black hole solution (14-16) in the Kerr-Schild coordinates
in the following way
ds2 = −(1− f)dx0dx0 + 2f(~k · d~x)dx0 + (1 + f)d~x2 + 2fkmkndxmdxn, (48)
with m 6= n, by noting that k20 = ~k2 = 1. Compared with the metric (7), there
are some extra terms. This exact Kerr metric can be passed to the one (7) in the
weak field limit, where GEM is usually discussed. Our discussion above can give
the exact form of GEM and so can lead to the GEM in weak field limit. It is
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clear that the second-order derivative terms of the equations of motion from the
action (40) or (44) are the usual equations of motion in gauge field theory. They
should lead to the GEM equations (8) obtained in linearised gravity (also based
on second-order derivative terms) by taking the weak field limit.
Notice that, for non-rotating black holes (14) with a = 0, we have Fij = 0.
Thus, there is no GM force.
4 Alternative approach
In this section, we consider another approach to decomposed gravity and GEM.
We consider the metric of the following form:
ds2 = gµνdx
µdxν = −(1− h00)dx0dx0 + 2h0idx0dxi + d~x2, (49)
where the factor 2 before h0i comes from the symmetry of h0i = hi0. This metric
is similar to the GEM metric (7), but is differen in the part of spatial coordinates:
gij = (1 + Φ)δij in (7) is replaced by gij = δij here. For later convenience, we
denote h00 = 2A0 and h0i = Ai. Thus, the metric can be expressed as
ds2 = ηµνdx
µdxν + 2dldx0, (50)
where dl = Aµdx
µ, the same as that defined in Eq. (21). The determinant of the
metric is
g = −(1 − 2A0 + ~A · ~A) = 1
g00
, (51)
and the inverse metric is
gµν =
1
g
(
1 −Aj
−Ai gδij + AiAj
)
. (52)
It is easy to know that a test particle of mass m moving in this spacetime is
depicted by the action: Sp = −m
∫
dtLp, with
Lp = [(1− 2A0)− 2 ~A · ~v − ~v2] 12 ≃ 1− A0 − ~A · ~v − 1
2
~v2, (53)
where vi = dxi/dx0 are the velocities of the particle at some position xi. This
Lagrangian is more regular compared to the form given in [12, 5] because here we
adopt the simpler metric (49) instead of (7). It can be viewed as a Lagrangian
describing a particle, with the charge and mass identical, moving in an electro-
magnetic field-like background. In what follows, we shall discuss the gravitational
theory with the metric (49) exactly.
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Using the denotations (9) for the two sectors of the first derivatives of Aµ, we
can express the Christoffel symbols as
Γλ00 =
1
2
gλ0H00 + g
λρF0ρ,
Γλ0i =
1
2
gλ0H0i +
1
2
gλρFiρ, (54)
Γλij =
1
2
gλ0Hij .
Thus, Γλµν are completely composed of the combinations of all the components
of Hµν and Fµν . Every component of Hµν and Fµν contributes to the Christoffel
symbols and there is no overlapping of components. Under the “no-GEM-forces”
conditions Fµν = 0, the Christoffel symbols (54) are simply Γ
λ
µν = (g
λ0/2)Hµν .
The Ricci tensor is derived from the expressions (54) of the Christoffel symbols
R00 =
1
4
gij[4∂iF0j + g
00(H0iH0j −HijH00) + 2g0µ(H0iFjµ −HijF0µ) + gµνFiµFjν],
R0i = Ri0 =
1
4
[2(gjµ∂jFiµ + g
0µ∂iFµ0) + g
00gjµ(H0µHij −H0iHjµ) + gjµg0ν(HijFµν
−HjµFiν) + g0jg0ν(HijF0ν −H0iFjν)− g0jgµνFiµFjν],(55)
Rij =
1
4
[2g0µ(∂iFµj + ∂jFµi) + g
00gµν(HiµHjν −HµνHij) + g0µg0ν(HiµFjν +HjµFiν
−2HijFµν) + g00gµνFiµFjν ].
The Ricci scalar is
R = −2g0ν∂µFµν + 1
2
(g00gµα − g0µg0α)gνβFµνFαβ − g0µg0αgνβFµνHαβ
+
1
4
g00gµαgνβ(HµνHαβ −HµαHνβ). (56)
It can be proved that the second derivative terms in the above Ricci tensor (55)
and scalar (56) are the same as given in Eqs. (3) and (4), respectively.
We also change the second-order derivative terms into first-order terms
−
∫
d4x
√−gg0νgµα∂αFµν =
∫
d4x
√−g(g0µg0α∂αAβ+g00gµα∂βAα)gνβFµν . (57)
Inserting this into the Ricci scalar (56), we can rewrite the Einstein-Hilbert action
(1) with the metric (49) as the following form of first derivatives
S =
1
16πG
∫
d4x
√−g(LF + LH), (58)
where
LH = 1
4g
gµαgνβ(HµνHαβ −HµαHνβ). (59)
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LF = −1
2
(g00gµα − g0µg0α)gνβFµβFαν
=
(
− 1
2g
gµα +
1
2
g0µg0α
)
gνβFµβFαν . (60)
In the derivation, we have noticed that gµαgνβHαβFµν = 0. Hence, we also
decompose the action (1) completely in terms of the H and F sectors of Abelian
gauge theory. The full LH and the first term of LF are respectively the same
as those given in Eqs. (34) and (35). In contrast to ordinary gauge theory in
curved spacetime, there are also extra factors like 1/g in the two sectors of “gauge
theory”.
From Eq. (52), we learn the following relation
g00(gij − δij) = g0ig0j. (61)
Thus, we can get an explicit form of the action
S =
1
64πG
∫
d4x
1√−g g
νβ[2δijFiνFjβ − gµα(HµβHαν −HµαHνβ)]. (62)
Because gµα in front of the H sector contain an extra factor 1/g in contrast to
the factor of the F sector, the two sectors also have different dominance in the
action, depending on the value of |g|.
However, the decomposed theory does not lead to realistic GEM because
we have adopted the simplified GEM metric (49) instead of the GEM metric
(7). In order to get realistic GEM, we only need to take into account of the
metric components gij = (1 + 2A0)δij and add the following extra terms to the
corresponding Christoffel symbols given in Eq. (54)
△Γλ0i = gλk∂0A0δik, △Γλij = −gλρ∂ρA0δij + gλk(∂iA0δjk + ∂jA0δik). (63)
Finally, we also note that the results can be extended to the case for any
“crossing metric” like (49) in arbitrary dimensions. For instance, the metric can
be of the form ds2 = gMNdx
MdxN = ηµνdx
µdxν + 2h5µdx
5dxµ + (1 + h55)dx
5dx5
in five dimensions. A similar form of the metric is usually adopted in the Kaluza-
Klein theory. Thus, similar results to the GEM case discussed above can be
derived in terms of the two sectors HMN and FMN by denoting AM ≡ (Aµ =
h5µ, A5 = h55/2).
5 Conclusions
We have studied the Einstein-Hilbert theories (1) with the Kerr-Schild-type met-
ric (19) and the simplified GEM metric (49) in a direct and exact approach. We
have shown that they can be decomposed into two pieces of Abelian gauge the-
ories, with one in the “left-moving” sector and the other in the “right-moving”
12
sector. These two Abelian gauge theories are equivalent in Minkowski spacetime.
This is consistent with the ideas of the gauge and gravitational field origins in
string theory. In particular, the decomposed gravitational action expressed in
Minkowski metric shows a sign of strong-weak duality between the two sectors
of gauge field theories, just like the situation in ordinary gauge field theory. It is
also shown that the decomposed action can be simplified to a gauge field theory
under some conditions.
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